The perturbative approach to structure formation has recently received a lot of attention in the literature. In such setups the final predictions for observables like the power spectrum is often derived under additional approximations such as a simplified time dependence. Here we provide allorder perturbative integral solutions for density and velocity fields in generalized cosmologies, with a direct application to clustering quintessence. We go beyond the standard results based on extending the EdS-like approximations. As an illustrative example, we apply our findings to the calculation of the one-loop power spectrum of density and momentum fields. We find corrections close to 1% in the mildly non-linear regime of ΛCDM cosmologies for the density power spectrum, while in the case of the density-momentum power spectrum effects can reach up to 1.5% for k ∼ 0.2h/Mpc.
I. INTRODUCTION
A detailed understanding of the-nonlinear formation of structure in the Universe is of paramount importance for cosmology. Several approaches have been developed to tackle the dynamics at these scales. State of the art N-body simulations give reliable answers at 1% level in the power spectrum up to k ∼ 1 h/Mpc [1] , but these can be expensive to run and may not be fully convergent using typical current generation box size and resolution. It must also be noted that the accuracy an reliability of N-body simulations is a fast and ever-improving process.
Clustering statistics is used to extract information on our Universe, and simulations do not necessarily provide the deepest insight into how to identify the most useful information content and to optimally extract it from data. A complementary approach to the non-linear scales is based upon extending the reach of perturbation theory towards the quasi-linear regime. One practical advantage of the perturbative approach relies in the faster evaluation of observables for a given set of cosmological parameters (see e.g. [2, 3] for recent improvements implementing FFT's) used in the analysis of cosmological measurements. Perturbation theory also offers the analytical handle which is best suited to probe the physical principles underlying the data.
On this basis, a lot of effort has been put towards computing the statistical properties of the density distribution. In an non-exhaustive list, we mention here the Eulerian perturbation theory framework [4] [5] [6] [7] ), renormalized perturbation theory in the form of RPT (renormalized perturbation theory) [8, 9] , [10] , TRG (time renormalization group) [11] , TSPT (time-sliced perturbation theory) [12] and the EFTofLSS (effective field theory of large scale structure) program [13] [14] [15] [16] [17] [18] . The Lagrangian approach has also been successfully implemented [19] [20] [21] [22] [23] [24] .
In this paper we give a thorough derivation of the solutions for density fluctuation to all orders in perturbation theory accounting for a non-trivial non-factorizable time-dependence which maybe easily expanded to more general cosmologies. We extend the standardly used approximations (with notable exceptions, e.g. [14, 25, 26] ) where it is assumed that the gravity kernels are timeindependent. We further use these results to calculate the 1-loop density power spectrum as well as densitymomentum power spectrum.
We stress here the realm of validity of our analysis: our starting point is more general than one comprising just dark matter (DM) as signaled by the presence of the time-dependent factor C(τ ) in our Eq. (1). It can in fact describe a richer dynamic, with more degrees of freedom, to the extent that a quasi-static approximation is valid (see below as well as [27] for an example of such a system).
For the purposes of this work, flat ΛCDM model is assumed as Ω m = 0.27, Ω Λ = 0.73, h = 0.7. For the primordial density power spectrum we use the BBKS [28] approximation for initial conditions.
II. EQUATIONS OF MOTION
As we shall see, our results reduce, in the appropriate limit, to dark matter in a FLRW background [5] . For such a dynamics the time-dependent quantity C introduced below simplifies to C(τ ) = 1, we keep it to underscore the generality of our results. We describe our system as a fluid whose equations of motion (in the nonrelativistic limit) for the fluctuations of density contrast δ and peculiar velocity v i are:
where we used the notation δ
well as other standard notation, such that θ = ∂ i v i , the variable τ is conformal time, H = d ln a/dτ , the kernels are α = 1+(q 1 ·q 2 )/q (1) is the clustering quintessence model in the vanishing sound speed (c s → 0) limit [27] . In particular, the dictionary between the variables just above and the standard ones is:
where δ m and δ Q are respectively the dark matter and quintessence density contrast, w is the equation of state parameter, assumed to be constant in time. The quantities Ω m and Ω Q are the density parameters; related conventions are discussed in appendix A. It is convenient at this stage to extract the linear time behaviour. To such end, one introduces the linear growth function D via:
where f +,− ≡ dln D +,− /dln a is the linear growth rate and its two modes correspond to the solutions of the second order equation for D. The quantity a above is the scale factor and δ in k represents the initial value of the density constrast. In what follows we will make extended use of the solutions for D in various cosmologies, for explicit expressions we refer the reader to the classics [5] . To tackle the full non-linear case, we finally switch, for the velocity variable, to:
We are then after the full non-linear solution to:
where we introduced variable η = ln D + and the integral over q 1 , .., q n has been be omitted. We solve the system perturbatively, employing the ansatz:
III. RECURSIONS & KERNEL TIME DEPENDENCE
After symmetrization the F and G equations of motion are:
., q n , η) (7) where we used the shorthand notation˙= ∂ ∂η , and introduced the source terms
where
n! , and where by cross permutations it is meant those that exchange momenta in the (1....m) set with those in the (m+1...n) one. In the last line of Eq. (8) we have removed the double counting for n even. The following quantities are also employed: p m = q 1 +..+ q m ; p n−m = q m+1 +..+ q n and the index "i" runs within cross permutations. Similarly, compact recursion relations in the EdS-like approximation [42] were recently derived in [29] . Henceforth we drop the symmetrization label, s, from F and G kernels. Combining the two equations in Eq (7) one readily obtains for the first kernel:
whose solution reads:
where in deriving the above we have used the equation of motion (e.o.m.) for the growing and decaying solutions for the linear growth factor D, D + (η), D − (η). Using again the first equation in Eq. (7) one immediately gets the solution for the G kernels:
Eqs. (10) and (11) are new integral solutions, to all orders, for the kernels F and G describing dark matter as well as more general setups. An integral solution limited to the quadratic case was found in [27] (see also [30, 31] for related work), where also a differential ansatz for the quadratic solution was provided. Our results for δ (2) , Θ (2) agree with [27] for an Einstein-de Sitter background.
It is very useful, especially for computational purposes, to also provide a general differential ansatz for δ (n) , Θ (n) . We briefly review the results for the second order fields (due to the work in [27] ) and then present for the first time the results for third order fields δ (3) , Θ (3) . Following the notation in [27] second order kernels are given by
where for simplicity we have suppressed the time dependence in , µ 2 and ν 2 as well as the momenta dependence in α and β. The definition of the function is chosen according to (η) = 1 − e
dη eη/C(η) , so that it vanishes in the simplifying case where C = 1. We shall see the e.o.m.s satisfied by µ n , ν n in what follows. We provide here the formal ansatz for the third order kernels and then proceed to write more explicitly their respective building blocks:
The functions above of the type F and G are the third order counterpart of the α and β expressions above and, as we shall see in detail, depend only on momenta, e.g. F = F (q 1 , q 2 , q 3 ). The quantities ν n , µ n are time-only dependent variables defined (see [5] and also [32] ) as the angle average of F n , G n weighted by n! and we have introduced above the function (2) :
which is a generalisation of the function defined above and, similarly to , vanishes in the C = 1 limit. The angle-averaged kernel dynamics is governed by the following equations [5] :
with "initial conditions" ν 1 = µ 1 = 1. Upon implementing the ansatz from Eq. (13) in Eq. (7) and using Eq. (12) and Eq. (14) one derives the relations 3 , which can then be read off from that of known function in Eq. (7). Following the same procedure, we obtain four new momentumindependent differential equations for λ i and κ i
where index i can take values {1, 2}. Note that these equations are of the same form as equations for ν 3 and µ 3 in Eq. (15) and can be very efficiently integrated numerically. In order to match the results to the initial conditions of the EdS type we choose for the RHS parameters in Eq. (16) With this choice we derive the momentum dependence of the third order kernels: 
IV. RESULTS FOR ONE-LOOP POWER SPECTRUM
Using the kernels derived in section III we can proceed to an illustrative example and compute the power spectrum at one loop:
where individual contributions are given as
and P in k stands for the initial time-independent power spectrum. It is understood that the short-scale dynamics will be encoded in the appropriate counter-term part (P c.t. ), whose numerical value is to be determined via e.g. N-body simulations. Due to rotational invariance, this is expected to be of the type ∝ k 2 /k 2 NL P L [14] . Let us proceed with the detailed calculation of P 22 and P 13 term. The goal is to separate the time dependence and momentum dependence since this form enables practical evaluation of the contributing terms. Using Eq. (12) for F 2 kernels one obtains for the P 22 :
where the time-independent contributions used above are:
Similarly, using Eq. (13) for F 3 one readily obtains expression for P 13 , which can be organised as follows:
where we have again isolated the time independent contributions:
We note in passing that in our case for C = 1 one does not necessarily expect the cancellation [33] [34] [35] between P 22 and P 13 in the IR as the initial conditions do not [36] always conform to the usual expressions. This may pave the way to interesting observational consequences. In Fig. 1 , both the ratio between our density power spectrum result and the EdS-extended (see Ref. [41] ) one (left) and the difference between the 1-loop terms of the same quantities normalized by the full power spectrum (right) are presented as a function of k. For k's into the quasilinear regime we find a difference close to 1%. Note that the red band in both Fig. 1 and Fig. 2 is obtained by means of the usual ∝ k 2 P lin approximation and serves as a measure of the uncertainty at the one-loop perturbative order. Incidentally, it can be also thought of as a proxy for the 1-loop counterterm contribution.
It is also instructive to look at the cross power spectrum of the density and momentum fields. The continuity equation relates the scalar component of the momentum field and the time derivative of the density field d dτ δ − ikp s = 0. This gives us the simple relation between the density-momentum power spectrum and the time derivative of the density power spectrum P 01 = i/kP δδ = i/2k d dτ P δδ (see e.g. [37, 38] ). In Fig. 2 we show the ratio between our density-momentum power spectrum P 01 and the EdS-extended one. We note that
FIG. 1:
Left: the ratio between our density power spectrum result and the EdS-extended (see Ref. [41] ) power spectrum. Right: the difference between the 1-loop terms from the same quantities normalized by the full EdS-extended power spectrum. The red band is obtained by means of the usual ∆α k 2 P lin approximation.
the effects due to the exact time evolution are more noticeable here, reaching 1.5% in the mildly nonlinear regime. Therefore, these effects seem to be of importance if percent precision is to be reached, especially for observables in redshift space (see [37] [38] [39] [40] [41] for the relation between velocity momentum statistics and redshift space observables). We note that these effects might be larger for higher order velocity momentum statistics.
V. CONCLUSIONS
We have derived the all-order perturbative solution to a LSS dynamical system that goes beyond ΛCDM. As an application of our results, we provided the 1-loop calculation for the density and density-momentum power spectrum. The difference with respect to the standard approximation (see Ref [41] ) is, in the quasi-linear regime, close to 1% for the density power spectrum and over 1% for the density momentum power spectrum. 
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FIG. 2:
Left: the ratio between our density-momentum power spectrum result, P01, and the EdS-extended (see Ref. [41] ) power spectrum. Right: the difference between the 1-loop terms from the same quantities normalized by the full EdS-extended power spectrum. The red band is obtained by means of the usual ∆α k 2 P lin approximation. For the sake of comparison, we note that the y-axis in the left panel here is different with respect to the one in Fig. 1. convention stems from requiring that a growing mode is equal to the scale factor in the matter dominated epoch: D + (a) EdS = a. Here, EdS stands for the 'Einstein deSitter' Universe which is a flat, matter dominated universe. Explicitly, the solutions for a wCDM Universe are
